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Introduction
The general trend in the development of structures and machines of modern mechanical engineering is characterized by the increasing number of their working parameters, the decreasing metal consumption due to optimal design and use of novel high-strength materials, the increasing relative share of nonstationary loading regimes. The requirements to reliability and accident-free life of both the entire structures and their separate elements are becoming tougher. As a result, one of the main tasks of the development and exploitation of structures and machines of modern technologies at present is the task of reliable evaluation of their service life. This task is especially vital for objects with service lives of several tens of years (atomic power plants, aviation gas-turbine engines, spaceship engines, etc.). as a rule, the exploitation conditions of such structures and machines are characterized by multiparametric nonstationary thermal-mechanical loading, effects of external fields leading to the degradation of the initial strength properties of structural materials and, finally, to exhausting the life of the structural units of the object [1] [2] [3] [4] [5] [6] [7] .
Effects of deformation under thermal-mechanical loading are determined by the dependence of the physical-mechanical properties of structural materials on temperature, by the presence of limitations of thermal strains and the effect of the ratio of mechanical and thermal strain rates. As frequencies and phases of variation cycles of temperature and mechanical strain tensor components as a rule do not coincide, nonisothermal cyclic loading is generally irregular, nonproportional, multiaxial and is accompanied by the rotation of the main areas of stress and strain tensors.
Cyclic nonisothermal deformation of materials, in contrast to isothermal one, is a nonbalanced cyclic process. The degree of imbalance is a function of the range of the temperature cycle and phase shift in the variation of temperature and deformation. Even in the elastic region of the tension-compression cycle, due to the dependence of the elasticity modulus on temperature (a nonlinear decreasing function of the growing temperature), the deformation process depends on the phase of the variation of the temperature and mechanical strain and is hard at the end of the cold temperature cycle and more elastic at its high-temperature end [1] . In the case of nonisothermal elastoplastic deformation, the deformation process will have a more complex character as the elastoplastic behavior of the material depends on temperature.
As a rule, a volumetric thermal strain results in a multiaxial deformation process. This leads to new sources of imbalance: the stressed-strained state in any point of the cycle differs from that in other points. Phasing by varying the temperature and mechanical strain is one of the main factors also connected with thermal fatigue.
The multiaxial nature of the stressed-strained state also causes imbalances in thermal-mechanical loading. A combined effect of mechanical and thermal loads results, as a rule, in substantial rotation of the main areas of stress and strain tensors (nonproportional loading), which, in the presence of plastic deformation leads to noncoaxiality of stress and total and plastic strains tensors. To model such processes, reliable models of cyclic thermal plasticity are required.
Nonisothermal deformation of structural materials, as compared with isothermal one, is characterized by a number of specific features [1] :
-the nonlinear stress-strain relation even in the elastic region, as elasticity moduli depend on temperature; -the imbalanced nature of the diagrams for symmetric cycles of variation of mechanical strain and strong dependence of the form of the stress-strain hysteresis loop on the combination of the variation phases of temperature and mechanical strain.
Thermal-mechanical fatigue cycling may initiate damage mechanisms that do not develop under the effect of isothermal fatigue. The main parameters determining the rates of thermal-mechanical fatigue processes are: temperature gradients, maximal temperature of the cycle, geometric characteristics and conditions of
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A continual model of a damaged medium used for analyzing… joining of structural elements, physical-mechanical characteristics of materials (especially the linear expansion coefficient), inhomogeneity (anisotropy) of the structural composition of such materials.
Thus, despite the apparent similarity of the phenomena of isothermal and nonisothermal types of fatigue, the results on isothermal low-cycle fatigue have to be used with due care when evaluating nonisothermal fatigue life.
Damage and failure of materials is, for the most part, caused by nucleation of microdefects, their growth and merging to form macroscopic cracks. The tasks of describing the mechanical behavior of such microdefects are as important as the tasks of describing the growth of macrodefects (cracks); so, in the recent years, a new scientific direction, mechanics of damaged media (MDM), is being successfully developed to solve these tasks [8] [9] [10] [11] [12] [13] [14] [15] [16] .
In [12] [13] [14] [15] [16] , in the framework of MDM, a mathematical model was developed that describes processes of cyclic thermal-plastic deformation and fatigue damage accumulation in structural materials (metals and their alloys) under multiaxial nonproportional paths of combined thermal-mechanical loading. To assess qualitatively and quantitatively the reliability of the model, the present paper investigates the effect of the laws of change of mechanical strength and temperature (the type of deformation trajectory) on fatigue life of heat-resistant alloys (Nimonic 80A, Haynes 188) under nonproportional regimes of thermal-mechanical loading.
The methods presented in this paper can also be suitably applied to a large class of metamaterials (see [17, 18] for a general discussion about metamaterials). In particular, continuum models for describing the emerging of damage and fracture have been investigated in [19] [20] [21] [22] .
The constitutive relations of mechanics of damaged media
The damaged medium model developed in [12] [13] [14] [15] [16] consists of three interrelated parts:
-relations determining thermal-plastic behavior of materials, accounting for its dependence on the failure process; -evolutionary equations describing damage accumulation kinetics; -a strength criterion of the damaged material.
(a) Constituting relations of plasticity
The governing relations of plasticity are based on the following main assumptions [23] :
-the tensor components of strains e ij and strain ratesė ij include elastic e e ij ,ė e ij and plastic strains-e p ij ,ė p ij , i. e., reversible and irreversible components; -the initial yield surface for different temperatures is described by a von Mises-type surface. The evolution of the yield surface is described by the variation of its radius C p and the displacement of its center ρ ij ; -the body changes its volume elastically; -initially isotropic media are considered. Only the anisotropy caused by processes of plasticity are accounted for; -processes characterized by small deformations are considered.
In the elastic region, the correlation between spherical and deviatoric components of stress and strain tensors and of their rates is established with the Hooke law:
where T is temperature, T 0 is an initial (referential) temperature, K(T ) is the bulk modulus, G(T ) is the shear modulus, α(T ) is the coefficient of linear thermal expansion of the material.
To model the effects of monotone and cyclic deformation, a yield surface is introduced:
To describe complex cyclic deformation regimes in the stress space, a cyclic 'memory' surface is introduced. The equation of the 'memory' surface is: 
where ρ max is maximal value of modulus ρ ij during the loading history. It is assumed that the evolutionary equation for the yield surface radius has the following structure:
where q 1 , q 2 , q 3 are experimentally determined constitutive isotropic hardening moduli, Q 1 and Q 2 are cyclic isotropic hardening moduli, a is a constant determining the rate of the stationing process of the hysteresis loop of cyclic deformation of the material, Q s is stationary value of the yield surface radius for the assigned ρ max and T , C 0 p is initial value of the yield surface radius [12, 23] . The evolution of internal variable ρ ij is assumed to have the form [24] :
where g 1 , g 2 , g 3 , g 4 , g 5 , k 1 and k 2 are experimentally determined material parameters. For nonsymmetric hard and soft types of cyclic loading, Eq. (7) describes the processes of placing and ratcheting of the cyclic plastic hysteresis loop with the help of termρ * ij . If g 3 = g 4 = k 1 = 0 in (7), one has a special case of Eq. (7) that is the Armstrong-Frederik-Kadashevich equation [23] :
To describe the evolution of the 'memory' surface, it is necessary to formulate an equation for ρ max :
The plastic strain rate components obey the rule of orthogonality of the plastic strain rate vector to the yield surface in the loading point:ė
where λ is proportionality coefficient determined from the condition that a new yield surface passes through the end of the stress deviator vector at the end of the loading stage. At the stage of defects scattered over the volume, the effect of the damage degree on the physical-mechanical properties of the material is observed. This effect can be taken into account by introducing effective stresses:
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whereG,K are effective moduli of elasticity defined by McKenzie formulas [13] . Effective variableρ ij is determined in a similar way:
(b) Evolutionary equation of fatigue damage accumulation
In the framework of the mechanics of damaged media, the final failure stage corresponds to the nucleation of a macroscopic crack (∼ 0.1 cm), that is, leading to material discontinuity, which is rather large at the level of heterogeneity of the material (grain, structure blocks, etc.). The simplest visual physical measure of material damage is the relative volumetric fraction of defects in the reference elementary volume of the material ω [13] :
where V is the current volumetric fraction of defects, V f is the critical volumetric fraction, corresponding to nucleation of a macrocrack in this volume of the material (complete loss of the bearing capacity of the material in this elemental volume).
To formulate evolutionary equations for ω, we use an approach based on establishing the correlation of velocitiesω with certain mechanical parameters, depending on the material deformation process, the critical value of which determines the moment of complete failure of the elementary volume of the material. The most effective approach to solving this problem is the energy approach [3, 8, 9, 12, 13] .
It is not a trivial task to extract from the total dissipation energy in the volume the part of it that is directly spent on the damage formation and accumulation.
It is established (see [12, 13] and the references therein) that, at low-cycle fatigue, the energy, spent on nucleation of defect during transient elastoplastic deformation, correlates well with the work of W the microstress tensor (center coordinates of the yield surface F) ρ ij on plastic deformations e p ij :
The multiaxial nature of stress state significantly affects the durability of the material, and this effect manifests in two ways: the effect of multiaxial nature under proportional loading (when all components of the strain tensor vary proportionally to one parameter) and the rotation effect of the main stress tensor areas (when stress components vary out of phase).
Experimental and theoretical studies of the influence of multiaxial nature in other types of stress states (biaxial tension-compression, triaxial tension) showed a significant effect of volumetric stressed state of the material on its durability, characterized by the intensity of the stress tensor σ u and its ball (hydrostatic) component σ [8, 9, 12, 13] .
Parameter β = σ/σ u or functions of β are used as parameters of the volumetric stressed state. Summarizing the data available in the literature, it can be confirmed that the rate of damage accumulationω depends on volumetric stressed state, characterized by some function f 1 (β):ω increases with β > 0 and β → +∞ (threedimensional tension) and decreases with β < 0 and β → −∞ (in this case partial healing of the accumulated damage may occur). With β = 0 (pure shift, σ = 0), the normalized function f 1 (β)should be equal to 1.
The effect of nonproportional loading, under which the components of the stress-strain tensors change out of phase (the main tensor areas rotate), and the stress and plastic strain tensors are not coaxial, is as follows [9, 11, 12] :
-the shape of the deformation path is a parameter that significantly affects the fatigue life; -structural materials exhibit complex cyclical behavior under multiaxial nonproportional loading conditions -additional cyclic hardening or softening; -under nonproportional cyclic loading, the criterion of equivalent deformations or strain intensity e u are not equivalence criteria and may lead to nonconservative evaluations.
Summarizing the above results, the general structure of an evolutionary equation of the damage accumulation in elementary volume of the material can have the following form [12] [13] [14] [15] [16] :
where functions f i , i = 1...4 account for: the volumetric stressed state ( f 1 (β)), level of accumulated damage ( f 2 (ω)), accumulated relative damage energy, spent on nucleation of defects ( f 3 (W )) and rate of change of damage energy ( f 4 Ẇ ).
In (16):
where β is parameter of volumetric stressed state, W a is value of the damage energy at the end of the stage of nucleation of scattered defects for LCF, and W f is value of the energy corresponding to the nucleation of a macroscopic crack. The duration of the microdefect nucleation phase will be related with the value of parameter W a . When the size of microdefects becomes comparable with the average distance between them, the merging process (breakage of the remaining continuous spaces between the defects) begins. The present paper was not aimed at constructing a detailed model of defect merging; instead, this process was accounted for by formulating the kinetic equation in such a way (due to using term f 2 (ω)) that when the damage degree reaches the value of ω = 1 /3 relationω = f 1 (ω) accounts for the avalanche-like increase in the damage degree value.
c) The strength criterion of the damaged material
The condition when damage degree ω reaches its critical value
is taken as the criterion of termination of the phase of growth of scattered microdefects.
Numerical results
The results on thermal cyclic deformation of the heat-resistant nickel alloy Nimonic 80A are presented in [25] . Isothermal (Fig. 1a ) and nonisothermal (Fig. 1b, c ) tests were conducted with hard loading, the amplitude of strain e 11 in the tests with constant temperature T being 1%. For the tests with a varying temperature, the results are given for the amplitudes from 0.45 to 1%. The temperature in nonisothermal tests varied both in-phase ( Fig. 1b ) and in counter-phase ( Fig. 1c) relative to the variation of the strains. The main physical-mechanical characteristics of the heat-resistant nickel alloy Nimonic 80A and the material parameters of the damaged medium model [12, 13] are listed in Tables 1, 2 and 3. When conducting the experiments, the selected samples should ensure a uniform distribution of stress, strain and temperatures within the operating part of the sample. If this condition is met, then, for numerical modeling of experimental processes, there is no need in formulation of the initial-boundary problem with the statement of boundary conditions and the use of computer complexes of finite element analysis [12, 13] . The calculation of the processes of deformation and failure of laboratory samples is carried out by numerical integration (18) . In numerical simulation of experimental data, experimental deformation trajectories (laws of changes in the components of the strain tensor e ij (t) and temperature T (t)) are specified, while stress trajectories σ ij (t) and damage values ω(t)are obtained by integrating the defining relations of MDM. Figure 2a compares the results of modeling and the experimental data for a stabilized cyclic deformation loop for the temperature of 700 • C (the loading type is shown in Fig. 1a ), for the strain amplitude of 1%. Here and in what follows the markers show the experimental results, and the solid lines depict the numerical results obtained using the MDM model introduced by the authors of [12, 13] . Figure 2b presents the comparison of the stabilized loops of cyclic nonisothermal deformation for in-phase loading (see Fig. 1b ): the strain amplitude is 0.6%, the maximal temperature in the cycle was 823 • C (achieved in tension), the minimal temperature in the cycle was 571 • C (achieved in compression). Figure 2c compares the results of modeling the nonisothermal cyclic loading for the counter-phase loading (see Fig. 1c ) (the strain amplitude and the maximal and minimal temperature values are the same as in the previous case). The 67-th and 68-th loading half-cycles are shown as stabilized cyclic deformation loops in all the three cases.
It can be seen that the model of cyclic thermal-plastic deformation presented in the paper adequately describes the experimental results and can be used in future for analyzing the kinetics of the fatigue damage accumulation process under cyclic in-phase and counter-phase thermal-mechanical effects.
To assess the applicability of the introduced evolutionary equation of fatigue damage accumulation (16) and to analyze the effect of the deformation trajectory on low-cycle fatigue, fatigue life of specimens made of the heat-resistant alloy Nimonic 80A was analyzed for different laws of change of axial deformation e 11 and temperature T (see Fig. 1 ). The numerical results were compared with the available test data [25] . The material parameters of the evolutionary equation of damage accumulation were determined using point P on the fatigue curve for isothermal cyclic deformation (Fig. 3) . The material parameters of the evolutionary equation of damage accumulation (16) of the heat-resistant alloy Nimonic 80A are summarized in Table 1 .
The numerical results are compared with the available test data in Figs. 3, 4 and Table 4 . Figure 3a , b depicts the isothermal fatigue curves, and Fig. 4a , b the nonisothermal fatigue curves for the in-phase and counter-phase loading regimes; the isothermal tests for the different temperatures T = 571 • C and 823 • C (Fig. 3a, b , respectively) and the nonisothermal in-phase ( Fig. 4a ) and counter-phase (Fig. 4b) . (see Fig. 3 ), which are used to reconstruct numerically low-cycle fatigue curves for various deformation trajectories with a high accuracy; -the damaged medium model developed in [12] [13] [14] [15] [16] describes accurately enough for engineering purposes the processes of isothermal and nonisothermal deformation and fatigue damage accumulation under combined thermal-mechanical loading and makes it possible to evaluate low-cycle fatigue life of heat-resistant alloys for random deformation trajectories; -for the isothermal deformation regimes with a strain amplitude of e 11 = 0.45%, the temperature substantially affects fatigue life of the alloy: fatigue life decreases as the temperature increases (thus, for T = 571 • C number of cycles to failure N f = 367, whereas for T = 823 • C N f = 140). For an increasing strain this trend does not work (see Table 4 ); I. A. Volkov et al. -for the nonisothermal deformation regimes in this temperature range (571 • C-823 • C) the heat-resistant alloy Nimonic 80A is insensitive to the phase pattern of the change in temperature and mechanical deformation (see Table 4 ).
The next example presents the results of comparing the numerical and experimental data on thermal cyclic deformation of thin-walled tubular specimens of the heat-resistant cobalt alloy Haynes 188 in the temperature interval of 316-760 • C. Isothermal and nonisothermal experiments were conducted with hard loading: the amplitude of axial strain e 11 was 0.4%, and that of shear strain e 12 amounted to 0.9% [26] .
In the experiments described in [26] , the following parameters varied:
-phase shift angle θ between axial strain e 11 and shear strain e 12 (for isothermal deformation with θ = 0proportional loading; for θ = 90 • , the axial and shear strains vary in counter-phase); -phase shift angle ψ between the amplitudes of axial strain e 11 and temperature T (for nonisothermal loading with ψ = 0 the axial strain and temperature vary in-phase, for ψ = 180 • in counter-phase).
In the course of complex isothermal and nonisothermal deformation described in [26] Assigning different laws of change of axial deformation e 11 , shear deformation e 12 and temperature T , different deformation trajectories can be realized (see Table 5 ).
The main physical-mechanical characteristics of the heat-resistant cobalt alloy Haynes 188 [26] and the material parameters of the damaged medium model [12] [13] [14] [15] [16] are listed in Tables 6, 7 and 8. Figure 5 compares the results of numerical modeling and experimental data on the cyclic hysteresis loops for N = 50-th cycle of nonisothermal loading (experiments MIPTIP, MOPTOP). Here and in what follows, A continual model of a damaged medium used for analyzing… Table 5 Laws of change of axial strain e 11 , shear strain e 12 and temperature T (deformation trajectories) the solid lines indicate the results of numerical modeling using the defining relations of MDM [12] [13] [14] [15] [16] , and the dotted lines show the corresponding experimental data (the comparison was done for all the test data presented in [26] ). The analysis of the numerical results shows that during isothermal cyclic loading (experiments T316MIP, T316MOP, T760MIP, T760MOP) stabilization of the cyclic thermal-plastic hysteresis loops is observed.
During nonisothermal thermal cyclic loading (experiments MIPTIP, MIPTOP, MOPTIP, MOPTOP) the form of axial σ 11 ∼ e 11 and shear σ 12 ∼ e 12 thermal-plastic hysteresis loops depends on phase shift θ I. A. Volkov et al. between the amplitudes of axial strain e 11 and shear strain e 12 . Thus, in experiment MFTF during the 50-th cycle relaxation of stresses (both normal and tangential) near the maximal temperature of the cycle (see Fig. 5 ).
The plastic hysteresis loops in experiment MOPTOP qualitatively differ from the in-phase mechanical tests MIPTIP (Fig. 5) .
Thus, the position and degree of relaxation of both axial and shear thermal-plastic hysteresis loops are greatly determined by phase shift angle ψ between axial strain e 11 and temperature T . Figure 6 presents computational and experimental diagrams of the amplitudes of axial σ 11 and shear σ 12 stresses as a function of number of loading cycles. The solid line shows the numerical modeling results; the markers depict the corresponding experimental data. It can be seen that the degree of cyclic hardening for nonisothermal thermal cyclic loading is considerably higher than that observed in the isothermal tests with the temperatures of 316 and 760 • C. These observations show that the mechanism of nonisothermal thermal cyclic deformation qualitatively differs from the isothermal one.
The analysis of the obtained results makes it possible to conclude that the model of cyclic thermal-plastic deformation introduced in the paper adequately describes the experimental results and thus can be used in future for analyzing the kinetics of the fatigue damage accumulation process under cyclic thermal-mechanical effects.
To study the effect of deformation trajectory on low-cycle fatigue of heat-resistant alloys, fatigue damage accumulation processes were numerically analyzed for various assigned laws of change of axial strain e 11 , shear strain e 12 and temperature T (see Table 5 ). The computational results were compared against the available test data [26] . Figure 7 demonstrates the experimental fatigue curves of the heat-resistant alloy Haynes 188 [27] under uniaxial-tension-compression for temperatures T = 425,650 and 870 • C, respectively (dotted lines).
The isothermal fatigue curves for temperatures T = 571 and 760 • C (solid lines) were obtained using spline-approximation (quadratic spline) of the fatigue curves for temperatures pri temperaturah T = 425,650 and 870 • C [27] . To determine material parameters of the evolutionary equation of damage accumulation, point P on the fatigue curves ( Fig. 7) was used. The material parameters of the evolutionary equation of damage accumulation (16) for the heat-resistant alloy Haynes 188 are listed in Table 6 .
The computational results are presented and compared with the available test data in Table 9 .
The comparison of the numerical results and experimental data show that:
-the damaged medium model developed in [12] [13] [14] [15] [16] be kept in mind that the information in [26] is presented without accounting for the scatter of experimental data within each individual test); -during isothermal cyclic thermal-plastic deformation T = 316 • C, nonproportional mechanical deformation (test T316MOP) leads to an almost threefold decrease in fatigue life as compared with the proportional one (test T316MIP). With the increasing temperature T = 760 • C this dependence does not work; -nonisothermal cyclic thermal-plastic deformation leads to an increased fatigue life as compared with the isothermal one; -the lowest fatigue life is observed when the maximal value of the temperature cycle is achieved in a halfcycle of tension for mechanical strains e 11 and e 12 , whereas the minimal value of the temperature cycle is achieved in a half-cycle of compression (test MIPTIP), which agrees with the experimental data of [26] . The highest fatigue life (test MOPTOP) is observed when mechanical strains and temperature vary in counter-phase (θ = 90 • and ψ = 180 • ).
Conclusions
In the framework of mechanics of damaged media, a mathematical model has been developed, which describes processes of thermal-plastic deformation and fatigue damage accumulation in polycrystalline structural alloys under arbitrary complex regimes of low-cycle loading The reliability of the modes has been assessed by comparing the computational results with the test data on thermal cyclic fatigue life of heat-resistant alloys (Nimonic 80A, Haynes 188) under isothermal and nonisothermal regimes of combined thermal-mechanical loading, which corroborated the adequacy of modeling and determining of the material parameters of the defining relations of MDM.
Some interesting analyses of damage and fracture can be carried with very performing results also in case of microstructured architectured materials. These materials exhibit different architectures and geometries. A large class of them can be considered as constituted by fibers, which may be modeled as Euler-Bernoulli beams
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A continual model of a damaged medium used for analyzing… [28] [29] [30] [31] [32] . In particular, one can develop continuum models for the description of fiber reinforced materials, as [33] , or array of fibers planarly aligned, also known as pantographic structures [34] [35] [36] [37] [38] [39] [40] [41] [42] [43] [44] . For 2D lattices with uniform triangular microarchitecture (being possibly the simplest possible 2D configuration and providing an isotropic material in the classical sense), the material properties related to bending has been determined in [45] . For a more complicated 2D triangular lattice, higher-order material parameters associated with the third gradient elasticity, have been determined by tension, shear and vibration tests in [46] . Before studying damage and fracture in generalized material, it will be useful to perform some dynamic analyses as the one presented in [47, 48] . In particular, first experimental results about dynamic behavior in pantographic metamaterials has been discussed in [49] .
Analysis of damage and fracture can be also performed in the field of generalized materials, suitably described by higher gradient models. Some properties of higher gradient models can be involved in such analyses. In particular, it is possible to refer to [50] [51] [52] for detailed descriptions of these models and their principal features when the considered material is composed by inextensible fibers. A variational approach for a nonlinear one-dimensional damage-elasto-plastic second-gradient continuum model is reported in [53] .
Strain gradient modeling has proven to be useful also in regularizing mesh-dependent problems in continuum damage and fracture mechanics, where localization of deformations is frequently observed. Implementation of such regularization in second-gradient materials would be straightforward, also in view of parameters identification carried out in [54] [55] [56] [57] . In [58] experimental results relative to displacement-controlled large deformation shear loading tests of pantographic structures are reported. A generalized plate model is validated by means of these experimental results. In particular, five differently sized samples are analyzed up to first rupture. Results show that the deformation behavior is strongly nonlinear, and the structures are capable of undergoing large elastic deformations without reaching complete failure.
The thermo-mechanical approaches are, in general, very useful. Apart the applications we have studied in this paper, these methods can be suitably applied also in case of beams. An independent and novel approach to understand the large deformation of beams consists in regarding a beam as the boundary curve of a twodimensional manifold in a three-dimensional space. In doing so, not only is the curve endowed with its own energy similar to that in the context of lower-dimensional energetics [59] but also in a geometrically nonlinear framework [60] and in accordance with higher gradient elasticity accounting for boundary energetics elaborated in [61] . The advantage of this approach, particularly from a computational viewpoint, is that the bulk material acts to regularize the behavior of the beam especially important to analyze the instabilities associated with thin beams similar to the instabilities of thin films on an elastic foundation [62] . Obviously, in the limiting case of the vanishing bulk one would recover exactly the beam theory.
In the field of polycrystalline structural alloys, a further application of the methods developed in this paper could be could be implemented in the case of the Potts model, whose 1D case is exactly solvable [63, 64] .
The above-discussed methods, especially for generalized materials, can be validated by numerical simulations. One of the currently most adopted techniques in finite elements coding is based on isogeometric analyses [65] [66] [67] [68] [69] [70] .
